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Abstract
We consider non-linear stochastic functional differential equations (sfde’s) on Euclidean
space. We give sufﬁcient conditions for the sfde to admit locally compact smooth cocycles on
the underlying inﬁnite-dimensional state space. Our construction is based on the theory of
ﬁnite-dimensional stochastic ﬂows and a non-linear variational technique. In Part II of this
article, the above result will be used to prove a stable manifold theorem for non-linear sfde’s.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction: basic setting
This work consists of two parts I and II. The main objective is to prove a stable
manifold theorem for stochastic differential systems with ﬁnite memory or stochastic
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functional differential equations (sfde’s). Part I of this article is devoted to the
construction of inﬁnite-dimensional stochastic semiﬂows generated by a large class
of regular sfde’s. In Part II, we use the stochastic semiﬂow constructed in Part I in
order to prove the existence of smooth local stable and unstable manifolds in the
neighborhood of a hyperbolic stationary solution of the sfde. These manifolds are
asymptotically invariant under the stochastic semiﬂow and intersect transversally at
the stationary random point. Furthermore, the unstable manifold is ﬁnite-
dimensional with a ﬁxed non-random dimension. Like its deterministic counterpart,
the existence of local stable/unstable manifolds is a central result in the theory of
non-linear inﬁnite-dimensional stochastic ﬂows. The authors are not aware of any
results to date on the existence of stable/unstable manifolds for non-linear inﬁnite-
dimensional stochastic differential systems.
In this section, we describe more precisely the general framework and hypotheses
used in the subsequent analysis.
Let ðO;F; PÞ be a probability space. Denote by %F the P-completion ofF; and let
ðO; %F; ðFtÞtX0; PÞ be a complete ﬁltered probability space satisfying the usual
conditions [Pr.2]. Fix an arbitrary r40 and a positive integer d:
Consider the stochastic functional differential equation (sfde):
dxðtÞ ¼ Hðt; xðtÞ; xtÞ dt þ Gðt; xðtÞÞ dWðtÞ; tXt0X0;
xðt0Þ ¼ vARd ; xt0 ¼ ZAL2ð½r; 0;RdÞ:

ðIÞ
A solution of (I) is a process x : ½t0  r;NÞ 	 O-Rd whereby xt denotes the segment
xtð
;oÞðsÞ :¼ xðt þ s;oÞ; sA½r; 0; oAO; tXt0;
and (I) holds a.s. As state space, we will use the Hilbert space M2 :¼ Rd 	
L2ð½r; 0;RdÞ furnished with the norm
jjðv; ZÞjjM2 :¼ ðjvj2 þ jjZjj2L2Þ1=2; vARd ; ZAL2ð½r; 0;RdÞ:
The drift is a non-linear functional H : Rþ 	 M2-Rd ; the noise coefﬁcient is a
mapping G : Rþ 	 Rd-Rd	p; and W is p-dimensional Brownian motion on
ðO;F; ðFtÞtX0; PÞ:
Denote D :¼ fðs; tÞAR2 : 0psptg: For a topological space E; let BðEÞ denote the
Borel s-algebra of E:
Let k be a positive integer and 0odp1: If E; N are real Banach spaces, we
will denote by LkðE; NÞ the Banach space of all continuous k-multilinear maps
A :Ek-N with the uniform norm jjAjj :¼ supfjAðv1; v2;y; vkÞj : viAE; jvijp1;
i ¼ 1;y; kg: Suppose UDE is an open set. A map f : U-N is said to be of class
Ck;d if it is Ck and if Dkf : U-LkðE; NÞ is d-Ho¨lder continuous on bounded sets in
U : A Ck;d map f :U-N is said to be of class Ck;db if all its derivatives D
jf ; 1p jpk;
are globally bounded on U ; and Dkf : U-LkðE; NÞ is d-Ho¨lder continuous on U : A
mapping f˜ : ½0; T  	 U-N is of class Ck;d in the second variable uniformly with respect
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to the first if for each tA½0; T ; f˜ ðt; 
Þ is Ck;d on every bounded set in U and the
corresponding d-Ho¨lder constant of Dk2 f˜ ðt; 
Þ is uniformly bounded in tA½0; T : A
mapping f˜ : ½0; T  	 U-N is of class Ck;db in the second variable uniformly with respect
to the first, if for each tA½0; T ; f˜ ðt; 
Þ is Ck;db on U ; the spatial derivatives
D
j
2 f˜ ðt; xÞ; 1p jpk; are globally bounded in ðt; xÞA½0; T  	 U ; and the correspond-
ing d-Ho¨lder constant of Dk2 f˜ ðt; 
Þ (over the whole of U) is uniformly bounded in
tA½0; T :
The following deﬁnitions are crucial to the developments in this article.
Deﬁnition 1.1. Let E be a Banach space, k a non-negative integer and eAð0; 1:
A stochastic Ck;e semiflow on E is a random ﬁeld X : D	 E 	 O-E satisfying the
following properties:
(i) X is ðBðDÞ#BðEÞ#F;BðEÞÞ-measurable.
(ii) For each oAO; the map D	 E{ðs; t; xÞ/Xðs; t; x;oÞAE is continuous.
(iii) For ﬁxed ðs; t;oÞAD	 O; the map E{x/Xðs; t; x;oÞAE is Ck;e:
(iv) If 0psptpu; oAO and xAE; then
Xðs; u; x;oÞ ¼ Xðt; u; Xðs; t; x;oÞ;oÞ:
(v) For all ðs; x;oÞARþ 	 E 	 O; one has Xðs; s; x;oÞ ¼ x:
Deﬁnition 1.2. Let y : Rþ 	 O-O be a P-preserving semigroup on the probability
space ðO;F; PÞ; E a Banach space, k a non-negative integer and eAð0; 1: A Ck;e
perfect cocycle ðY ; yÞ on E is a ðBðRþÞ#BðEÞ#F;BðEÞÞ-measurable random ﬁeld
Y : Rþ 	 E 	 O-E with the following properties:
(i) For each oAO; the map Rþ 	 E{ðt; xÞ/Yðt; x;oÞAE is continuous; and for
ﬁxed ðt;oÞARþ 	 O; the map E{x/Yðt; x;oÞAE is Ck;e:
(ii) Y ðt þ s; 
 ;oÞ ¼ Yðt; 
 ; yðs;oÞÞ3Y ðs; 
 ;oÞ for all s; tARþ and all oAO:
(iii) Y ð0; x;oÞ ¼ x for all xAE;oAO:
We shall frequently refer to (ii) in Deﬁnition 1.2 as the perfect cocycle identity.
The main objective of Part I of this article is to show that under sufﬁcient
regularity conditions on the coefﬁcients, the sfde (I) admits a stochastic semiﬂow
X : D	 M2 	 O-M2 satisfying Xðt0; t; ðv; ZÞ; 
Þ ¼ ðxðtÞ; xtÞ for all ðv; ZÞAM2 and
tXt0; a.s., where x is the solution of (I). We ﬁrst construct a Fre´chet differentiable
stochastic local semiﬂow for (I) using a non-linear variational approach, based on
the theory of ﬁnite-dimensional stochastic ﬂows of diffeomorphisms on Euclidean
space (Theorem 2.1, Section 2)(cf. Bismut [Bi]). A global locally compact semiﬂow
X : D	 M2 	 O-M2 for (I) is established in Section 3 (Theorem 3.1) under suitable
growth conditions on H and G: Furthermore, if H and G are autonomous (or even
stationary) and W is a helix with respect a P-preserving shift y on ðO;F; ðFtÞtX0; PÞ;
then the semiﬂow X generates a Ck;e cocycle ðXˆ; yÞ in the sense of Deﬁnition 1.2.
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Theorem 4.1 forms a basis for a proof of the Stable Manifold Theorem for the sfde (I)
(Part II, Theorem 3.1). The latter theorem is the central result of this article. For a
precise statement and details of its proof see Part II.
Linear versions of the sfde (I) are studied in [Mo.2,Mo.3,Mo.4,M-S.1,M-S.2].
During the last two decades, the theory of stochastic ﬂows on Euclidean space or
ﬁnite-dimensional manifolds has received a great deal of attention from stochastic
analysts and geometers. Such ﬁnite-dimensional stochastic ﬂows arise naturally from
stochastic differential systems without memory (viz. the case r ¼ 0 in (I)). The reader
may consult works by Baxendale [Ba], Bismut [Bi], Elworthy [El], Kunita [Ku],
[M-S.3], [I-S], [M-S.4] and others. On the other hand, there is little work on non-
linear stochastic ﬂows in inﬁnite dimensions. Inﬁnite-dimensional linear stochastic
semiﬂows arise naturally from so-called regular stochastic fde’s and certain
classes of stochastic partial differential equations (spde’s). See [Mo.2,Mo.3,Mo.4,
M-S.1,M-S.2,Fl.1,Fl.2] and [F-S]. One should note that the question of existence of
inﬁnite-dimensional stochastic ﬂows is highly non-trivial. In particular, the singular
one-dimensional linear stochastic delay equation
dxðtÞ ¼ xðt  1Þ dWðtÞ; tX0:
does not admit a continuous (or even linear) stochastic semiﬂow on M2 ([Mo.4],
[Mo.1], pp. 144–149, [M-S.2]).
In Section 5, we will show that the methods in this article cover a much larger class
of sfde’s than (I). In particular, one can handle equations of the form:
dxðtÞ ¼ Hðt; xðt  dmÞ;y; xðt  d1Þ; xðtÞ; xtÞmðdtÞ þ Gðdt; xðtÞ; gðxtÞÞ; tXt0X0;
xðt0Þ ¼ vARd ; xt0 ¼ ZAL2ð½r; 0;RdÞ:
In the above equation, G : Rþ 	 Rd 	 Rm 	 O-Rd is a Kunita-type spatial local
martingale [Ku], m is a process of locally bounded variation; and for each
xAL2ð½r; T ;RdÞ; the map R{t/gðxtÞARm is locally of bounded variation. For
further details, see Section 5. However, for simplicity of exposition, our analysis will
focus on (I).
In order to specify the regularity conditions on H and G in (I), we introduce the
following notation and hypotheses:
Hypotheses ðWk;dÞ
(1) H : Rþ 	 M2-Rd is jointly continuous; for each T40 and tA½0; T ; the map
M2{ðv; ZÞ/Hðt; v; ZÞARd is Lipschitz on bounded sets in M2 uniformly
with respect to tA½0; T ; for each T40 and tA½0; T ; the map M2{ðv; ZÞ/
Hðt; v; ZÞARd is Ck;d uniformly with respect to tA½0; T :
(2) G : Rþ 	 Rd-Rd	p is jointly continuous; for each T40; Gjf½0; T  	 Rdg
is of class Ckþ1;db in the second variable uniformly with respect to
tA½0; T :
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In the next section, we will establish the existence of a smooth local semiﬂow for
(I) under the above hypotheses.
2. Construction of the local semiﬂow
Our objective in this section is to show that the sfde (I) admits trajectories
fðxðtÞ; xtÞAM2 : tXt0; ðxðt0Þ; xt0Þ ¼ ðv; ZÞAM2g which generate a continuous local
semiﬂow on M2:
The two key steps in the construction of the local semiﬂow are as follows:
(i) Using the stochastic ﬂow of diffeomorphisms generated by the noise coefﬁcient
G; we construct a random integral equation which is equivalent to the sfde (I).
(ii) By a ﬁxed-point argument we show that the random integral equation has a
smooth local semiﬂow which (by (i)) agrees with the local trajectories of the sfde
(I) prior to explosion times.
In this section and the rest of the article, we will adopt the following notation:
If rARþ and ðv; ZÞAM2; denote by Bððv; ZÞ; rÞ the open ball in M2 with center
ðv; ZÞ and radius r: The corresponding closed ball is denoted by %Bððv; ZÞ; rÞ:
gðv; ZÞðtÞ :¼ v; tX0;
ZðtÞ; rpto0;

ðv; ZÞAM2:
For t0X0 and a stopping time TXt0; deﬁne *ETt0 :¼ fx : fðt;oÞ :oAO; t0  r
ptpTðoÞ; toNg-Rd ; xj½t0  r; t0 	 O is ðBð½t0  r; t0Þ#Ft0Þ-measurable,R t0
t0r jxðs;oÞj
2 dsoN for all oAO; and x is continuous and adapted for tXt0g:
We will often delete the upper index T when T N and write *Et0 :¼ *ENt0 :
For 0pt0pToN (non-random) and M40; deﬁne the following spaces:
ETt0 :¼ fxAL2ð½t0  r; T ;RdÞ : xj½t0; T  is continuousg:
ETt0ðMÞ :¼ fxAETt0 :
R t0
t0r jxðsÞj
2 ds þ jxðt0Þj2 þ supt0ptpT jxðtÞj2pM2g:
0E
TðMÞ :¼ fxAET0 ðMÞ : ðxð0Þ; x0Þ ¼ 0g:
0E
T :¼ fxAET0 : ðxð0Þ; x0Þ ¼ 0g:
The spaces ETt0 and 0E
T are given the complete norms:
jjxjj :¼
Z t0
t0r
jxðsÞj2 ds þ jxðt0Þj2 þ sup
t0ptpT
jxðtÞj2
 1=2
; xAETt0 ;
and
jjxjjN :¼ sup
t0ptpT
jxðtÞj; xA0ET :
W :¼ fðx; xÞ : xARdgCRd 	 Rd ; Wc :¼ Rd 	 Rd\W:
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a :¼ ða1; a2;y; adÞ; Dax :¼ @
jaj
ð@x1Þa1?ð@xd Þad ; jaj :¼
Pd
i¼1 ai; for ai non-negative
integers, i ¼ 1;y; d:
Ck;dðRd ;RdÞ :¼ f f : f : Rd-Rd is Ck;dg is the Fre´chet space furnished with
the family of seminorms jj 
 jjkþd:K :
jj f jjkþd:K :¼ sup
xAK
j f ðxÞj
ð1þ jxjÞ þ
X
1pjajpk
sup
xAK
jDax f ðxÞj
þ
X
jaj¼k
sup
ðx;yÞAK-Wc
jDax f ðxÞ  Day f ðyÞj
jx  yjd
for compact sets K in Rd :
The Fre´chet space CkðRd ;RdÞ is similarly deﬁned (where the seminorms
jj 
 jjk:K are deﬁned without the last sum in the above expression).
In view of Hypotheses ðWk;dÞð2Þ; it follows from Kunita ([Ku], Theorem 4.6.5,
p. 173) that the solutions of the sde
dcðtÞ ¼ Gðt;cðtÞÞ dWðtÞ; tX0;
cð0Þ ¼ xARd

ðIIÞ
generate a ðBðRþÞ#BðRdÞ#F;BðRdÞÞ-measurable random ﬁeld c : Rþ 	 Rd 	
O-Rd such that for each xARd ; cð0; x;oÞ ¼ x; and the process cðt; x; 
Þ; tX0; is an
ðFtÞtX0-local martingale. Furthermore, for each tX0; oAO and eAð0; dÞ; the map
cðt; 
 ;oÞ belongs to Diffkþ1;eðRd ;RdÞ; the group of all Ckþ1;e diffeomorphisms
Rd-Rd : The diffeomorphism group Diffkþ1;eðRd ;RdÞ is given the subspace topology
from Ckþ1;eðRd ;RdÞ; and for each oAO; the map
½0; T {t/cðt; 
 ;oÞADiffkþ1;eðRd ;RdÞ
is continuous ([Ku], Theorem 4.6.5). See also [I-W]. We denote the partial Fre´chet
derivative of c with respect to x by Dcðt; x;oÞALðRdÞ:
Further, we deﬁne z : ½0;NÞ 	 Rd 	 O-Rd by
zðt; x;oÞ :¼ cðt; 
 ;oÞ1ðxÞ
for all tX0; xARd ;oAO:
The following lemmas will be needed in the construction of the local semiﬂow of
(I). The proofs of Lemmas 2.1 and 2.2 are straightforward. We will omit them. It is
interesting to note (as will be apparent from the subsequent discussion) that the
existence of the stochastic semiﬂow in Theorem 3.1 may be deduced by stipulating
the conclusions of Lemma 2.1 together with appropriate continuity and differentia-
bility hypotheses on H and G:
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Lemma 2.1. Assume that H satisfies Hypotheses ðWk;dÞð1Þ for some kX0; dAð0; 1Þ:
Then the following is true:
(i) For each t0X0 and xA *Et0 ; the map ½t0;NÞ 	 O{ðt;oÞ/Hðt; xðt;oÞ;
xtð
 ;oÞÞARd is progressively measurable.
(ii) There exists L : ½0;NÞ3-½0;NÞ such thatZ t0þt
t0
jHðu; xðuÞ; xuÞ  Hðu; yðuÞ; yuÞj dupLðt; T ; MÞ sup
t0pupt0þt
jxðuÞ  yðuÞj;
whenever 0pt0pt0 þ tpT ; MX0; x; yAETt0ðMÞ and xt0 ¼ yt0 ; xðt0Þ ¼ yðt0Þ:
Furthermore, L is continuous in its three variables, and is such that Lð0; T ; MÞ ¼ 0
for all T ; MX0:
(iii) For any T ; MAð0;NÞ; we have
lim
tk0
sup
0pt0pT
sup
xAETt0 ðMÞ
Z t0þt
t0
jHðu; xðuÞ; xuÞj du ¼ 0:
Lemma 2.2. Suppose that G satisfies Hypothesis ðWk;dÞð2Þ for some kX0; dAð0; 1Þ:
Then the stochastic flow c of (II) has the following properties: For each oAO; T40;
and eAð0; dÞ; the map
Rd{x/fDcð
 ; x;oÞg1ACð½0; T ; LðRdÞÞ
is Ck;e; and the map
Rd{x/zð
 ; x;oÞACð½0; T ;RdÞ
is Ckþ1;e:
Our ﬁrst step in the construction of the stochastic semi-ﬂow of (I) is to show
that (I) is equivalent to a random integral equation which can be solved for
each oAO:
Deﬁne the function F : ½0;NÞ 	 Rd 	 M2 	 O-Rd by
Fðt; z; v; Z;oÞ :¼ fDcðt; z;oÞg1Hðt; v; ZÞ
for all tX0; z; vARd ; ZAL2ð½r; 0;RdÞ;oAO: Fix t0X0; a stopping time TXt0;
ðv; ZÞAM2 and consider the equation
xðt;oÞ ¼
cðt; ½zðt0; v;oÞþ
R t
t0
Fðu; zðu; xðu;oÞ;oÞ; xðu;oÞ; xuð
 ;oÞ;oÞ du;oÞ;
tA½t0; TðoÞ-½t0;NÞ;
Zðt  t0Þ; a:e: tA½t0  r; t0Þ:
8><>: ðIIIÞ
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Note that for every xA *Et0 the map u/zðu; xðu;oÞ;oÞ is continuous and adapted. By
Lemma 2.1(i) and Lemma 2.2, the integrand in the right-hand side of (III) is
progressively measurable and integrable. Furthermore, the indeﬁnite integral in (III)
is continuous in t; adapted and of locally bounded variation. Finally, the right-hand
side of (III) is continuous and adapted.
Lemma 2.3. Assume Hypotheses ðWk;dÞ for some kX0; dAð0; 1: Fix t0X0; ðv; ZÞAM2
and a stopping time TXt0: A process xA *ETt0 solves (I) on the interval
½t0; TðoÞ-½t0;NÞ with initial condition ðxðt0Þ; xt0Þ ¼ ðv; ZÞ iff x solves (III) for
a.a. oAO:
Proof. Assume that xA *ETt0 solves (III) for a.a. oAO: Then ðxðt0Þ; xt0Þ ¼ ðv; ZÞ: In
order to cover the case k ¼ 0; we will require a straightforward modiﬁcation of
the generalized Itoˆ’s formula in Kunita ([Ku], Theorem 3.3.1, p. 92, and
Theorem 3.3.3(i), p. 94f ). Using this fact, (III) and the remark preceding this
lemma, it follows that x is a continuous semimartingale and
dxðtÞ ¼cðdt; ½zðt0; v; 
Þ þ
Z t
t0
Fðu; zðu; xðuÞ; 
Þ; xðuÞ; xu; 
Þ du; 
Þ
þ Dcðt; ½zðt0; v; 
Þ þ
Z t
t0
Fðu; zðu; xðuÞ; 
Þ; xðuÞ; xu; 
Þ du; 
Þ
	 ½Fðt; zðt; xðtÞ; 
Þ; xðtÞ; xt; 
Þ dt
¼Gðt;cðt; ½zðt0; v; 
Þ þ
Z t
t0
Fðu; zðu; xðuÞ; 
Þ; xðuÞ; xu; 
Þ du; 
Þ dWðtÞ
þ Hðt; xðtÞ; xtÞ dt
¼Gðt; xðtÞÞ dWðtÞ þ Hðt; xðtÞ; xtÞ dt:
Therefore x solves (I).
Conversely, suppose that xA *ETt0 solves (I) and deﬁne
xðt;oÞ :¼ zðt0; v;oÞ þ
Z t
t0
Fðu; zðu; xðuÞ;oÞ; xðuÞ; xu;oÞ du:
By the remark preceding the lemma, x is adapted, continuous and of locally bounded
variation. Therefore, the same computation as above shows that the process
x˜ðt;oÞ :¼ cðt; xðt;oÞ;oÞ; tXt0;
Zðt  t0Þ; t0  rptpt0;

is a semimartingale with differential
dx˜ðtÞ ¼ Gðt; x˜ðtÞÞ dWðtÞ þ Hðt; xðtÞ; xtÞ dt:
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The above sde (without memory) has a unique solution x˜ with initial
condition x˜ðt0Þ ¼ v; so x˜  x a.s. on ½t0  r; T -½t0  r;NÞ: This proves the
lemma. &
The following theorem establishes the existence of a unique local semiﬂow of
equation (III).
Theorem 2.1. Assume Hypotheses ðWk;dÞ for some kX1; dAð0; 1: Let @ be an element
not contained in Rd and denote by Rd@ :¼ Rd,f@g; the one-point compactification
of Rd : Then there exist a ðBðDÞ#BðM2Þ#F;BðRd@ÞÞ-measurable random field
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/xt0;ðv;ZÞðt;oÞARd@
and a ðBðRþÞ#BðM2Þ#F;Bðð0;NÞÞ-measurable random field
½0;NÞ 	 M2 	 O{ðt0; ðv; ZÞ;oÞ/tðt0; ðv; ZÞ;oÞAð0;N
such that the following is true:
(i) tðt0; ðv; ZÞ;oÞ4t0:
(ii) xt0;ðv;ZÞðt;oÞ ¼ @ iff tðt0; ðv; ZÞ;oÞpt:
(iii) For each ðv; ZÞAM2; t0X0; oAO; xt0;ðv;ZÞð
 ;oÞ is the unique solution of (III) on
½t0; tðt0; ðv; ZÞ;oÞÞ:
(iv) If tðt0; ðv; ZÞ;oÞoN; then lim suptmtðt0;ðv;ZÞ;oÞjxt0;ðv;ZÞðtÞj ¼N:
(v) For each oAO; the map
½0;NÞ 	 M2{ðt0; ðv; ZÞÞ/tðt0; ðv; ZÞ;oÞAð0;N
is lower semicontinuous.
(vi) For any ðt0; t; ðv; ZÞ;oÞAD	 M2 	 O with totðt0; ðv; ZÞ;oÞ; set
Xðt0; t; ðv; ZÞ;oÞ :¼ ðxt0;ðv;ZÞðt;oÞ; xt0;ðv;ZÞt ð
 ;oÞÞ:
Define the family of sets
DðoÞ :¼ fðt0; t; ðv; ZÞÞAD	 M2 : tðt0; ðv; ZÞ;oÞ4tg
for oAO; and
Dt0;tðoÞ :¼ fðv; ZÞAM2 : tðt0; ðv; ZÞ;oÞ4tg
for ðt0; tÞAD; oAO: Then DðoÞ; Dt0;tðoÞ are open subsets of D	 M2 and M2;
respectively. Furthermore, for each oAO; the map
DðoÞ{ðt0; t; ðv; ZÞÞ/X ðt0; t; ðv; ZÞ;oÞAM2
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is continuous; and for fixed ðt0; t;oÞAD	 O; the map
Dt0;tðoÞ{ðv; ZÞ/X ðt0; t; ðv; ZÞ;oÞAM2
is Ck;e for any eAð0; dÞ:
(vii) If 0psptpu; oAO; ðv; ZÞAM2 and tðs; ðv; ZÞ;oÞ4t; then
tðt; X ðs; t; ðv; ZÞ;oÞ;oÞ ¼ tðs; ðv; ZÞ;oÞ;
and if tðs; ðv; ZÞ;oÞ4u; then
X ðs; u; ðv; ZÞ;oÞ ¼ Xðt; u; Xðs; t; ðv; ZÞ;oÞ;oÞ:
(viii) For each t0ARþ; ðv; ZÞAM2; tðt0; ðv; ZÞ; 
Þ is a stopping time.
(ix) For each ðt0; tÞAD; ðv; ZÞAM2; the map o/xt0;ðv;ZÞðt;oÞ is ðFt;BðRd@ÞÞ-
measurable.
The proof of Theorem 2.1 uses a ﬁxed point argument. Fix and suppress
oAO until further notice. For TAð0;NÞ; deﬁne the map UT : ½0;NÞ 	 M2 	
0E
T-0E
T by
UTðt0; ðv; ZÞ; %xÞðtÞ :¼
cðt0 þ t; zðt0; vÞ þ Vðt0; ðv; ZÞ; %xÞðtÞÞ  v; 0ptpT ;
0; rpto0;

where
Vðt0; ðv; ZÞ; %xÞðtÞ :¼
Z t
0
Fðt0 þ u; zðt0 þ u; %xðuÞ þ vÞ; %xðuÞ þ v; %xu þ gðv; ZÞuÞ du;
for all ðt0; ðv; ZÞ; %xÞA½0;NÞ 	 M2 	 0ET : Recall that gðv; ZÞ : ½r;NÞ-Rd is deﬁned
by
gðv; ZÞðtÞ :¼ v; tX0;
ZðtÞ; roto0:

For ﬁxed ðt0; ðv; ZÞÞA½0;NÞ 	 M2 it is easy to check that %xA0ET is a ﬁxed point of
UTðt0; ðv; ZÞ; 
Þ if and only if
xðtÞ :¼ v þ %xðt  t0Þ; t0ptpt0 þ T ;
Zðt  t0Þ; t0  rptot0

solves equation (III) on ½t0  r; t0 þ T :
The ﬁxed-point argument in the proof of Theorem 2.1 requires the following
lemmas.
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Lemma 2.4. Assume ðWk;dÞ for some kX0 and dAð0; 1: Fix any d1; d2; d340: Then
there exists t1 ¼ t1ðd1; d2; d3Þ40 such that
Ut2ð½0; d1 	 %Bð0; d2Þ 	 0Et2ðd3ÞÞD0Et2ðd3Þ
for all 0ot2pt1:
Proof. Let t0A½0; d1; ðv; ZÞA %Bð0; d2Þ; %xA0Etðd3ÞÞ; 0ptpt: Then
jUtðt0; ðv; ZÞ; %xÞðtÞjp jcðt0 þ t; zðt0; vÞ þ Vðt0; ðv; ZÞ; %xÞðtÞÞ  cðt0 þ t; zðt0; vÞÞj
þ jcðt0 þ t; zðt0; vÞÞ  cðt0; zðt0; vÞÞj ð2:1Þ
where
Vðt0; ðv; ZÞ; %xÞðtÞ :¼
Z t
0
Fðt0 þ u; zðt0 þ u; %xðuÞ þ vÞ; %xðuÞ þ v; %xu þ gðv; ZÞuÞ du: ð2:2Þ
Observe that ½Dcð
 ; 
Þ1 and z take bounded sets to bounded sets (because
they are continuous, Lemma 2.2). Using the deﬁnition of Fðt; z; v; ZÞ :¼
fDcðt; zÞg1Hðt; v; ZÞ; it follows from (2.2) and Lemma 2.1(iii) that
lim
tk0
sup
t0A½0;d1
sup
ðv;ZÞA %Bð0;d2Þ
sup
%xA0Etðd3Þ
sup
0ptpt
jVðt0; ðv; ZÞ; %xÞðtÞj ¼ 0: ð2:3Þ
Finally, use (2.1), (2.3) and the fact that c is jointly uniformly continuous on
bounded sets, in order to conclude that
lim
tk0
sup
t0A½0;d1
sup
ðv;ZÞA %Bð0;d2Þ
sup
%xA0Etðd3Þ
sup
0ptpt
jUtðt0; ðv; ZÞ; %xÞðtÞj ¼ 0:
The above relation implies the assertion of the lemma. &
The next lemma is elementary. For easy reference we give a proof in Appendix A.
Lemma 2.5. Let kX0 be an integer, T40 and eA½0; 1Þ: Let N be a real Banach
space, LDN an open subset of N; and m a function of bounded variation on ½0; T :
Suppose the maps f : ½0; T  	 L-Rd and c : ½0; T  	 Rd-Rd are jointly
continuous, and f takes bounded sets to bounded sets. Define the maps
I ; U :L-Cð½0; T ;RdÞ by
IðlÞðtÞ :¼
Z t
0
f ðu; lÞmðduÞ;
UðlÞðtÞ :¼cðt; f ðt; lÞÞ
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for all lAL and tA½0; T : Then I and U are continuous (and take bounded sets to
bounded sets). If further, f and c are Ck;e in the second variable uniformly with respect
to tA½0; T ; then I and U are Ck;e:
Lemma 2.6. Assume ðWk;dÞ for some kX1; dAð0; 1: Then the following is true:
(i) For any T40; the map UT : ½0;NÞ 	 M2 	 0ET-0ET is continuous. For fixed
t0X0 and any eAð0; dÞ; the map UT ðt0; 
 ; 
Þ : M2 	 0ET-0ET is Ck;e:
(ii) Fix d1; d2; d340 and let t140 be as in Lemma 2.4. Then there exists t2Að0; t1
such that
sup
0ptpt2
jUt2ðt0; ðv; ZÞ; x1ÞðtÞ  Ut2ðt0; ðv; ZÞ; x2ÞðtÞjp12 sup
0ptpt2
jx1ðtÞ  x2ðtÞj
for all ðt0; ðv; ZÞÞA½0; d1 	 %Bð0; d2Þ and x1; x2A0Et2ðd3Þ:
Proof.
(i) Recall the deﬁnition of UT : ½0;NÞ 	 M2 	 0ET-0ET ; viz.
UTðt0; ðv; ZÞ; %xÞðtÞ :¼
cðt0 þ t; zðt0; vÞ þ Vðt0; ðv; ZÞ; %xÞðtÞÞ  v; 0ptpT ;
0; rpto0;

where
Vðt0; ðv; ZÞ; %xÞðtÞ :¼
Z t
0
Fðu þ t0; zðu þ t0; %xðuÞ þ vÞ; %xðuÞ þ v; %xu þ gðv; ZÞuÞ du
for all ðt0; ðv; ZÞ; %xÞA½0;NÞ 	 M2 	 0ET : In the above expression, it is easy to see
that the integrand is jointly continuous in ðt0; u; ðv; ZÞ; %xÞ: This follows from
Hypothesis ðWk;dÞð1Þ; the continuity of the maps
½0; T  	 M2{ðu; v; ZÞ/ gðv; ZÞuAM2;
½0;NÞ 	 ½0; T {ðt0; uÞ/Hðu þ t0; %xðuÞ þ v; %xu þ gðv; ZÞuÞARd
and Lemma 2.2. Hence by Lemma 2.5, this proves the continuity of
UTðt0; ðv; ZÞ; %xÞ in ðt0; ðv; ZÞ; %xÞ: Similarly, using Hypothesis ðWk;dÞð1Þ and
Lemmas 2.2, 2.5, the reader may show that the map UTðt0; 
 ; 
Þ : M2 	
0E
T-0E
T is Ck;e: This proves part (i) of the lemma.
(ii) Fix d1; d2; d340 and let t140 be as in Lemma 2.4. Suppose ðt0; ðv; ZÞÞA½0; d1 	
%Bð0; d2Þ; x1; x2A0Et2ðd3Þ and 0ptpt2pt1: Since the maps ðt; vÞ/½Dcðt; vÞ1;
ðt; vÞ/zðt; vÞ are continuous, an elementary computation shows that there is a
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positive constant K ¼ Kðd1; d2; d3Þ such that
jUt2ðt0; ðv; ZÞ; x1ÞðtÞ  Ut2ðt0; ðv; ZÞ; x2ÞðtÞj
pK
Z t
0
jHðt0 þ u; x1ðuÞ þ v; x1u þ gðv; ZÞuÞ
 Hðt0 þ u; x2ðuÞ þ v; x2u þ ðfv; ZÞuÞj du
þ sup
0pupt
jj½Dcðt0 þ u; x1ðuÞ þ vÞ1  ½Dcðt0 þ u; x2ðuÞ þ vÞ1jj
	
Z t
0
jHðt0 þ u; x1ðuÞ þ v; x1u þ ðfv; ZÞuÞj du
for all 0ot2pt1: Assertion (ii) of the lemma now follows from the above
inequality, Lemma 2.1(ii), (iii), and the fact that ½Dcðt; vÞ1 has ﬁrst partial
derivatives with respect to v that are jointly continuous in ðt; vÞ (Lemma 2.2). &
The following lemma is classical. See [H], Lemma 4.2, p. 46, and Appendix A.
Lemma 2.7. Let E and N be real Banach spaces, LDN an open subset and BCE a
closed ball. Let eA½0; 1Þ: Suppose U :L	 B-B is a Ck;e map (kX0) which is a
contraction in the second variable uniformly with respect to the first, viz. there is
a constant LAð0; 1Þ such that
jUðl; x1Þ  Uðl; x2ÞjpLjx1  x2j
for all x1; x2AB and all lAL: Then for each lAL; there is a unique xðlÞAB such that
Uðl; xðlÞÞ ¼ xðlÞ: Furthermore, the map L{l/xðlÞABCE is Ck;e:
Note that, so far, the only place where we have required kX1 is in the proof of
Lemma 2.6(ii). In the above proof, we used the fact that ½Dcð
 ; 
Þ1 is locally
Lipschitz in the spatial variable.
The following lemma is key to establishing the measurability properties of the
semiﬂow in Theorem 2.1.
Lemma 2.8. Assume ðWk;dÞ for some kX1; dAð0; 1; and suppose that H is globally
bounded. Assume also that the neutral equation (III) admits at most one solution in ETt0
for each oAO; ðt0; ðv; ZÞÞA½0;NÞ 	 M2; TXt0: Then for each oAO; and any
ðt0; ðv; ZÞÞA½0;NÞ 	 M2; (III) has a (unique) solution xt0;ðv;ZÞð
 ;oÞ : ½t0  r;NÞ-Rd
satisfying the following properties:
(i) The random field
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/xt0;ðv;ZÞðt;oÞARd
is ðBðDÞ#BðM2Þ#F;BðRdÞÞ-measurable.
ARTICLE IN PRESS
S.-E.A. Mohammed, M.K.R. Scheutzow / Journal of Functional Analysis 205 (2003) 271–305 283
(ii) For fixed ðt0; ðv; ZÞÞA½0;NÞ 	 M2; the solution
½t0;NÞ 	 O{ðt;oÞ/xt0;ðv;ZÞðt;oÞARd
is ðFtÞtXt0 -adapted.
Proof. Fix oAO; ðt0; ðv; ZÞÞA½0;NÞ 	 M2; TXt0; till further notice. Deﬁne a se-
quence of functions xnð
 ;oÞ  xt0;ðv;ZÞn ð
 ;oÞ : ½t0  r;NÞ-Rd ; nX1; inductively via
the successive approximations:
x1ðt;oÞ ¼
v; tXt0;
Zðt  t0Þ; a:e: tA½t0  r; t0Þ;

ð2:4Þ
xnþ1ðt;oÞ ¼
cðt; ½zðt0; v;oÞ þ
R t
t0
Fðu; zðu; xnðu;oÞ;oÞ;
xnðu;oÞ; xn;uð
 ;oÞ;oÞ du;oÞ; tXt0;
Zðt  t0Þ; a:e: tA½t0  r; t0Þ
8><>: ð2:5Þ
for nX1:
Clearly xnð
 ;oÞj½t0; T AC0ð½t0; T ;RdÞ for each nX1: We will show that the family
fxnð
 ;oÞj½0; T  : nX1g is uniformly bounded and equicontinuous. To do this,
consider the auxiliary sequence
znðt;oÞ :¼ cðt; 
 ;oÞ1ðxnðt;oÞÞ; t0ptpT ; nX1;
and rewrite the ﬁrst equation in (2.5) in the form;
znþ1ðt;oÞ
¼ cðt0; 
 ;oÞ1ðvÞ þ
Z t
t0
Fðu; znðu;oÞ; xnðu;oÞ; xn;uð
 ;oÞ;oÞ du; tA½t0; T  ð2:6Þ
for nX1: We claim that there are positive random constants KiðoÞ; i ¼ 1; 2;
independent of n; but depending on o; t0; ðv; ZÞ; T ; such that
jznðt;oÞjpK1ðoÞeK2ðoÞðtt0Þ; t0ptpT ; nX1: ð2:7Þ
Let H be globally bounded by M40; and let KðoÞ40 be a positive random constant
such that
sup
0ptpT
jj½Dcðt; v;oÞ1jjpKðoÞð1þ jvjÞ; vARd ð2:8Þ
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([M-S.3], Theorem 2). Using (2.6), the global boundedness of H; and (2.8), we obtain
jznþ1ðt;oÞjpjcðt0; 
 ;oÞ1ðvÞj þ MKðoÞ
Z t
t0
ð1þ jznðu;oÞjÞ du; tA½t0; T  ð2:9Þ
for nX1: Deﬁne *znðt;oÞ :¼ maxð1; jznðt;oÞjÞ; tA½t0; T ; nX1: Then (2.9) implies
that
*znþ1ðt;oÞpK1ðoÞ þ K2ðoÞ
Z t
t0
*znðu;oÞ du; tA½t0; T ; nX1; ð2:10Þ
where K1ðoÞ :¼ max½1; supt0ptpT jcðt; 
 ;oÞ1ðvÞj þ MKðoÞðT  t0Þ and K2ðoÞ :¼
MKðoÞ: In order to establish our claim (2.7), we will actually show by induction on
n that
*znðt;oÞpK1ðoÞeK2ðoÞðtt0Þ; t0ptpT ; nX1: ð2:11Þ
It follows immediately from the deﬁnition of K1ðoÞ that *z1ðt;oÞpK1ðoÞ: Hence
(2.11) holds for n ¼ 1: Suppose now that (2.11) holds for some integer nX1: Then
from (2.10), we get the following relations
*znþ1ðt;oÞpK1ðoÞ þ K2ðoÞ
Z t
t0
K1ðoÞeK2ðoÞðut0Þ du
¼K1ðoÞeK2ðoÞðtt0Þ
for t0ptpT : Therefore (2.11) holds for n þ 1; and hence for all nX1 by induction.
Now (2.7) follows directly from (2.11); indeed one has
sup
t0ptpT
nX1
jznðt;oÞjpK1ðoÞeK2ðoÞðTt0Þ :¼ K3ðoÞoN: ð2:12Þ
Therefore,
sup
t0ptpT
nX1
jxnðt;oÞj ¼ sup
t0ptpT
nX1
jcðt; znðt;oÞ;oÞj
pKðoÞ 1þ sup
t0ptpT
nX1
jznðt;oÞj2
264
375
pKðoÞ½1þ K3ðoÞ2oN ð2:13Þ
([Ku], p. 163; [M-S.3], Theorem 1). This shows that the family fxnð
 ;oÞj½0; T  : nX1g
is uniformly bounded. To prove its equicontinuity, let t0pt1pt2pT ; nX1:
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Consider the inequalities
jznþ1ðt2;oÞ  znþ1ðt1;oÞj ¼
Z t2
t1
Fðu; znðu;oÞ; xnðu;oÞ; xn;uð
 ;oÞ;oÞ du
 
pMKðoÞ
Z t2
t1
ð1þ jznðu;oÞjÞ du
pMKðoÞ½1þ K3ðoÞjt2  t1j; ð2:14Þ
and
jxnþ1ðt2;oÞ  xnþ1ðt1;oÞj ¼ jcðt2; znþ1ðt2;oÞ;oÞ  cðt1; znþ1ðt1;oÞ;oÞj
p jcðt2; znþ1ðt2;oÞ;oÞ  cðt1; znþ1ðt2;oÞ;oÞj
þ jcðt1; znþ1ðt2;oÞ;oÞ  cðt1; znþ1ðt1;oÞ;oÞj
p sup
vARd
jvjpK3ðoÞ
jcðt2; v;oÞ  cðt1; v;oÞj
þ sup
jvjpK3ðoÞ
t0ptpT
jjD2cðt; v;oÞjj 
 jznþ1ðt2;oÞ  znþ1ðt1;oÞj:
ð2:15Þ
Combining (2.14) and (2.15) gives
jxnþ1ðt2;oÞ  xnþ1ðt1;oÞj
p sup
vARd
jvjpK3ðoÞ
jcðt2; v;oÞ  cðt1; v;oÞj
þ sup
jvjpK3ðoÞ
t0ptpT
jjD2cðt; v;oÞjj 
 MKðoÞð1þ K3ðoÞÞjt2  t1j: ð2:16Þ
Using the fact that the map ½t0; T {t/cðt; 
 ;oÞAC0ðRd ;RdÞ is uniformly
continuous (into the toplogy of uniform convergence on compacta), it follows
easily from (2.16) that the family fxnð
 ;oÞj½t0; T  : nX1g is equicontinuous. By
Ascoli-Arzela’s lemma, this family is relatively compact in C0ð½t0; T ;RdÞ; given the
supremum norm. By continuity of Fð
 ; 
 ; 
 ; 
 ;oÞ and cðt; 
 ;oÞ; it follows from (2.5)
and the dominated convergence theorem that every convergent subsequence of
fxnð
 ;oÞgNn¼1 converges (uniformly) to the unique solution xð
 ;oÞ : ½t0  r; T -Rd
of (III). Hence the full sequence fxnð
 ;oÞgNn¼1 must converge uniformly to
xð
 ;oÞ : ½t0  r; T -Rd : More explicitly, we will denote the solution of (III) thus
obtained by xt0;ðv;ZÞð
 ;oÞ :¼ xð
 ;oÞ for ðt0; ðv; ZÞÞA½0;NÞ 	 M2;oAO: We contend
that this solution satisﬁes the measurability assertions (i) and (ii) of the lemma. We
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will ﬁrst show by induction on nX1 that each random ﬁeld
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/xt0;ðv;ZÞn ðt;oÞARd ; nX1;
satisﬁes assertions (i), (ii) of the lemma. To see this, observe that the above assertion
holds easily for n ¼ 1: Suppose it holds for some nX1: We will use (2.5) to show that
it holds for n þ 1: To show this, observe that the path
½t0;NÞ{u/ðxt0;ðv;ZÞn ðu;oÞ; xt0;ðv;ZÞn;u ð
 ;oÞÞAM2
is continuous for ﬁxed oAO; ðt0; ðv; ZÞÞA½0;NÞ 	 M2: By Hypotheses ðWk;dÞ; this
implies that the integrand on the right-hand side of (2.5) is continuous in u for
ﬁxed oAO; ðt0; ðv; ZÞÞA½0;NÞ 	 M2; is ðFuÞuXt0 -adapted and ðBðDÞ#BðM2Þ#
F;BðRdÞÞ-measurable in ðt0; u; ðv; ZÞ;oÞ: Hence the indeﬁnite Riemann integral on
the right-hand side of (2.5) satisﬁes similar measurability properties to those of
x
t0;ðv;ZÞ
n ðt;oÞ: Hence it follows from (2.5) that xt0;ðv;ZÞnþ1 ðt;oÞ also satisﬁes similar
measurability properties to those of x
t0;ðv;ZÞ
n ðt;oÞ: Therefore each random ﬁeld
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/xt0;ðv;ZÞn ðt;oÞARd ; nX1
satisﬁes measurability assertions (i), (ii) of the lemma. Hence so does the pointwise
limit xt0;ðv;ZÞðt;oÞ ¼ limn-Nxt0;ðv;ZÞn ðt;oÞ; ðt0; t; ðv; ZÞ;oÞAD	 M2 	 O: This com-
pletes the proof of Lemma 2.8. &
Proof of Theorem 2.1. We will no longer suppress o but will continue to ﬁx oAO till
further notice. Let d1; d2; d340; and ðt0; ðv; ZÞÞA½0; d1 	 %Bð0; d2Þ: By Lemmas 2.6
and 2.7, the contraction Ut2ðt0; ðv; ZÞ; 
Þ has a unique ﬁxed point %xt0;ðv;ZÞA0Et2ðd3Þ
which depends continuously on ðt0; ðv; ZÞÞA½0; d1 	 %Bð0; d2Þ: The map
xt0;ðv;ZÞðtÞ :¼ v þ %x
t0;ðv;ZÞðt  t0Þ; t0ptpt0 þ t2;
Zðt  t0Þ; t0  rptot0;
(
is the unique local solution of (III) with T ¼ t2: By local uniqueness of solutions to
(III), it follows that for t0pt1ptpt0 þ t2; t1pd1 and ðv; ZÞA %Bð0; d2Þ; we have
xt0;ðv;ZÞðtÞ ¼ xt1;ðv˜;*ZÞðtÞ;
where v˜ ¼ xt0;ðv;ZÞðt1Þ; *Z ¼ xt0;ðv;ZÞt1 : Therefore, solutions can be extended uniquely up
to the minimum of d1 þ t2 and the ﬁrst exit time of xt0;ðv;ZÞt from %Bð0; d2Þ plus t2:
Since d1; d2; and d3 were arbitrary we can extend solutions up to ‘‘explosion’’. So we
deﬁne the explosion map t : ½0;NÞ 	 M2 	 O-ð0;N by requiring tðt0; ðv; ZÞ;oÞ to
be the supremum of all times t24t0 such that (III) has a solution xt0;ðv;ZÞð
 ;oÞ deﬁned
on ½t0  r; t2: When tðt0; ðv; ZÞ;oÞoN; we shall deﬁne xt0;ðv;ZÞðt;oÞ ¼ @ for all
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tXtðt0; ðv; ZÞ;oÞ: Note that in this case, we have limt-tðt0;ðv;ZÞ;oÞjxt0;ðv;ZÞðtÞj ¼N:
Therefore assertions (i), (ii), (iv) and (vii) of Theorem 2.1 are obvious.
To prove the global uniqueness assertion in (iii), suppose the initial-value problem
(III) has two solutions x : ½t0; tðt0; ðv; ZÞ;oÞÞ-Rd ; y : ½t0; t1ðt0; ðv; ZÞ;oÞÞ-Rd with
the same initial data ½t0; ðv; ZÞÞA½0;NÞ 	 M2 and explosion times tðt0; ðv; ZÞ;oÞ and
t1ðt0; ðv; ZÞ;oÞ; respectively. We will show that tðt0; ðv; ZÞ;oÞ ¼ t1ðt0; ðv; ZÞ;oÞ and
xðt;oÞ ¼ yðt;oÞ for all tA½t0; tðt0; ðv; ZÞ;oÞÞ: With no loss of generality, we may
assume that t1ðt0; ðv; ZÞ;oÞotðt0; ðv; ZÞ;oÞ: By local uniqueness, there exists t240
such that t0 þ t2ot1ðt0; ðv; ZÞ;oÞ and yj½t0; t0 þ t2 ¼ xj½t0; t0 þ t2: Let t be the
supremum of all such t2: We claim that t ¼ t1ðt0; ðv; ZÞ;oÞ  t0: Suppose-if
possible- that t0 þ tot1ðt0; ðv; ZÞ;oÞ: Since ðyðt0 þ tÞ; yt0þt Þ ¼ ðxðt0 þ tÞ; xt0þt Þ;
then by local uniqueness, there exists t240 such that t0 þ t þ t2pt1ðt0; ðv; ZÞ;oÞ
and yj½t0 þ t; t0 þþt þ t2 ¼ xj½t0 þ t; t0 þþt þ t2: This contradicts the max-
imality of t: Hence t0 þ t ¼ t1ðt0; ðv; ZÞ;oÞ and xðt;oÞ ¼ yðt;oÞ for all
tA½t0; t1ðt0; ðv; ZÞ;oÞÞ: By continuity of x at t1ðt0; ðv; ZÞ;oÞ; we must have
limt-t1ðt0;ðv;ZÞ;oÞjyðtÞj ¼ limt-t1ðt0;ðv;ZÞ;oÞjxðtÞjoN: This contradicts the fact that
limt-t1ðt0;ðv;ZÞ;oÞjyðtÞj ¼N: Therefore, t1ðt0; ðv; ZÞ;oÞ ¼ tðt0; ðv; ZÞ;oÞ and yðt;oÞ ¼
xðt;oÞ for all tA½t0; tðt0; ðv; ZÞ;oÞÞ: This proves the global uniqueness assertion
in (iii).
To show (v) and (vi), observe that by Lemmas 2.6 and 2.7, the semiﬂow
DðoÞ{ðt0; t; ðv; ZÞÞ/Xðt0; t; ðv; ZÞ;oÞ :¼ ðxt0;ðv;ZÞðt;oÞ; xt0;ðv;ZÞt ð
 ;oÞÞAM2
has the property that for any ﬁxed ðt0; ðv; ZÞÞA½0;NÞ 	 M2; there exist a
neighborhood J0 	 V of ðt0; ðv; ZÞÞ and a t04t0 such that Xðt00; t; ðv0; Z0Þ;oÞAM2
for all ðt00; t; ðv0; Z0ÞÞA½ðJ0 	 ½t0; t0Þ-D 	 V and is jointly continuous in
ðt00; ðv0; Z0ÞÞAJ0 	 V for each tA½t0; t0: Denote by tðt0; ðv; ZÞ;oÞ the supremum of
all t040 satisfying the above property. We will show that tðt0; ðv; ZÞ;oÞ ¼
tðt0; ðv; ZÞ;oÞ: This will imply that DðoÞ; Dt0;tðoÞ are open subsets of D	 M2
and M2; (respectively), X ð
 ;oÞ is continuous on DðoÞ and the explosion
map tðt0; ðv; ZÞ;oÞ is lower semicontinuous in ðt0; ðv; ZÞÞ: From the deﬁnition
of tðt0; ðv; ZÞ;oÞ; it is clear that tðt0; ðv; ZÞ;oÞptðt0; ðv; ZÞ;oÞ: Suppose-if possible-
that tðt0; ðv; ZÞ;oÞotðt0; ðv; ZÞ;oÞ: Then Xðt0; tðt0; ðv; ZÞ;oÞ; ðv; ZÞ;oÞ :¼ ðxt0;ðv;ZÞ
ðtðt0; ðv; ZÞ;oÞ;oÞ; xt0;ðv;ZÞtðt0;ðv;ZÞ;oÞð
 ;oÞÞ belongs to M2; where xt0;ðv;ZÞ : ½t0  r;
tðt0; ðv; ZÞ;oÞÞ-Rd is the maximal solution of (III). Since Xðt0; t; ðv; ZÞ;oÞ is
continuous at t ¼ tðt0; ðv; ZÞ;oÞ; we may pick any d0240 and choose a small
e0 ¼ e0ðd02Þ40 such that X ðt0; t; ðv; ZÞ;oÞABðXðt0; tðt0; ðv; ZÞ;oÞ; ðv; ZÞ;oÞ; d02Þ
for all tAðtðt0; ðv; ZÞ;oÞ  e0; tðt0; ðv; ZÞ;oÞ: Now apply Lemmas 2.6 and 2.7
to get a continuous local semiﬂow X˜ on ðtðt0; ðv; ZÞ;oÞ  e0; tðt0; ðv; ZÞ;oÞÞ 	
BðX ðt0; tðt0; ðv; ZÞ;oÞ; ðv; ZÞ;oÞ; d02Þ which is deﬁned at ðt000; t00; ðv00; Z00Þ for all
t000Aðtðt0; ðv; ZÞ;oÞ  e0; tðt0; ðv; ZÞ;oÞÞ; ðv00; Z00ÞABðXðt0; tðt0; ðv; ZÞ;oÞ; ðv; ZÞ;oÞ;
d02Þ; t00Aðt000 ; t000 þ t02Þ: Note that t02 ¼ t02ðd02; e0Þ40 depends only on ðd02; e0Þ:
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Choose 0oeot02: By deﬁnition of tðt0; ðv; ZÞ;oÞ; pick t0Aðtðt0; ðv; ZÞ;oÞ 
e; tðt0; ðv; ZÞ;oÞÞ and a neighborhood J 0 	 V 0 of ðt0; ðv; ZÞÞ such that
Xðt00; t; ðv0; Z0Þ;oÞ is continuous in ðt00; ðv0; Z0ÞÞAJ 0 	 V 0 for all tA½t0; t0; and
Xðt00; t0; ðv0; Z0Þ;oÞABðXðt0; tðt0; ðv; ZÞ;oÞ; ðv; ZÞ;oÞ; d02Þ for all ðt00; ðv0; Z0ÞÞAJ 0 	 V 0:
Deﬁne
Yðt00; t; ðv0; Z0Þ;oÞ :¼ X˜ðt0; t; Xðt00; t0; ðv0; Z0Þ;oÞ;oÞ
for all t00AJ
0; ðv0; Z0ÞAV 0; tA½t0; t0 þ t02: Using the semiﬂow property (vii), the
above relation gives a continuous local semiﬂow of (III) which is deﬁned at
t0 þ t024tðt0; ðv; ZÞ;oÞ: This contradicts the maximal property of tðt0; ðv; ZÞ;oÞ:
Hence the semiﬂow X is continuous on DðoÞ: A similar argument to the above gives
the Ck;e property of the map Dt0;tðoÞ{ðv; ZÞ/Xðt0; t; ðv; ZÞ;oÞAM2 for ﬁxed
ðt0; tÞAD: This proves (v) and (vi).
Finally, we prove the joint measurability properties for x and t: To this end, oAO
will no longer be fixed. Fix 0pt0oT and ðv; ZÞAM2: By truncating, we will construct
a sequence of continuous, adapted, Rd-valued (and jointly measurable) processes
yt0;ðv;ZÞ;ðNÞðtÞ; t0  rptpT ; with ðyt0;ðv;ZÞ;ðNÞðt0Þ; yt0;ðv;ZÞ;ðNÞt0 Þ ¼ ðv; ZÞ; and such that
yt0;ðv;ZÞ;ðNÞ converges to the solution xt0;ðv;ZÞð
 ;oÞ of (III) for all ððt0; tÞ; ðv; ZÞÞAD	
M2 and all oAO (with respect to the compactiﬁcation Rd@). Once we have shown this,
then (ix) follows and hence also (viii). Assertions (vi) and (ix) together imply joint
measurability of
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/xt0;ðv;ZÞðt;oÞARd@:
The joint measurability of
½0;NÞ 	 M2 	 O{ðt0; ðv; ZÞ;oÞ/tðt0; ðv; ZÞ;oÞAð0;N
follows directly from that of
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/xt0;ðv;ZÞðt;oÞARd@:
For each integer NX1; pick a CNb function yN :M2-½0; 1 such that
yNðv; ZÞ ¼
1; jjðv; ZÞjjpN;
0; jjðv; ZÞjjXN þ 1:

Further, deﬁne HNðu; v; ZÞ :¼ yNðv; ZÞHðu; v; ZÞ; GNðu; vÞ :¼ yNðv; 0ÞGðu; vÞ: It is easy
to check that HN and GN also satisfy Hypotheses ðWk;dÞ and (GE)(i) of Section 3.
We choose a version cN of the ﬂow of GN which agrees with c up to the ﬁrst exit
time from fv : jvjpNg: Set zNðtÞ :¼ cNðtÞ1: Therefore, by (the proof of) Theorem
3.1(i) (of the next section), it follows that for every integer NX1 and each
t0X0; ðv; ZÞAM2; there is a unique globally deﬁned solution yt0;ðv;ZÞ;ðNÞ : ½t0  r;NÞ 	
O-Rd of the resulting equation when H and G in (III) are replaced by HN and GN ;
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respectively. The reader may note that the proof of global existence of the solution in
Theorem 3.1(i) does not depend on the joint measurability assertions on x and t in
Theorem 2.1: The proof of Theorem 3.1(i) is a path-by-path argument. Applying
Lemma 2.8 to (III) with H; G replaced by HN ; GN ; we see that for ﬁxed
ðt0; ðv; ZÞÞA½0;NÞ 	 M2; the process yt0;ðv;ZÞ;ðNÞ : ½t0  r;NÞ 	 O-Rd is ðFtÞtXt0 -
adapted, and each random ﬁeld
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/yt0;ðv;ZÞ;ðNÞðt;oÞARd ; NX1;
is ðBðDÞ#BðM2Þ#F;BðRdÞÞ-measurable. Set Y Nðt0; t; ðv; ZÞ;oÞ :¼ ðyt0;ðv;ZÞ;ðNÞðtÞ;
y
t0;ðv;ZÞ;ðNÞ
t Þ: Deﬁne the sequence of ðFtÞtXt0 -stopping times
tNðt0; ðv; ZÞ;oÞ :¼ infft4t0 : jjY Nðt0; t; v; Z;oÞjj4Ng
for NX1: It is not hard to see that there is a sure event O0AF such that
xt0;ðv;ZÞð
 ;oÞ ¼ yt0;ðv;ZÞ;ðNÞðt;oÞ; t0ototNðt0; ðv; ZÞ;oÞ;
tðt0; ðv; ZÞ;oÞ ¼ sup
NX1
tNðt0; ðv; ZÞ;oÞ
for all ðt0; v; Z;oÞA½0;NÞ 	 M2 	 O0: This implies that for each oAO0; the sequence
fyt0;ðv;ZÞ;ðNÞðt;oÞgNN¼1 converges to xt0;ðv;ZÞðt;oÞ for ððt0; tÞ; ðv; ZÞÞAD	 M2: This
proves the joint measurability assertions for x and t: Hence the proof of
Theorem 2.1 is complete. &
3. Existence of the global semiﬂow
The main theorem in this section gives sufﬁcient conditions on the coefﬁcients
of the sfde (I) to guarantee that the local semiﬂow constructed in the last
section is a global semiﬂow for all positive times. First, we state the following
conditions:
Hypotheses (GE).
(i) For 0oToN there exist C ¼ CðTÞ40 and g ¼ gðTÞA½0; 1Þ such that
jHðt; v; ZÞjpCð1þ jjðv; ZÞjjgM2Þ
for all 0ptpT ; ðv; ZÞAM2:
(ii) For each uX0; ðv; ZÞAM2; one has Hðu; v; Z;oÞ ¼ Hðu; Z;oÞ: For all 0oToN
there exists bAð0; rÞ with the property that Hðu; v; Z;oÞ ¼ Hðu; v; *Z;oÞ
whenever 0pupT ; and Z; *ZAL2ð½r; 0;RdÞ are such that Zj½r;b ¼
*Zj½r;b:
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(iii) For all oAO and 0oToN we have sup0pupT
vARd
jjðDcðu; v;oÞÞ1jjoN; and
there exists a positive constant C ¼ CðTÞ such that
jHðt; v; ZÞjpCð1þ jjðv; ZÞjjM2Þ
for all 0ptpT ; ðv; ZÞAM2:
In the space LðM2Þ of all continuous linear operators A : M2-M2; the strong
topology is the one for which all evaluations A-AðzÞ; zAM2; are continuous.
Denote by BsðLðM2ÞÞ the associated Borel s-algebra.
Theorem 3.1. Assume Hypotheses ðWk;dÞ for some kX1; 0odp1: Suppose that one of
the conditions (GE)(i), (GE)(ii), (GE)(iii) holds. Let t; x; and X be as in Theorem 2.1.
Then the following is true:
(i) tðt0; ðv; ZÞ;oÞ ¼N for all ðt0; ðv; ZÞ;oÞARþ 	 M2 	 O:
(ii) For each oAO; the map
D	 M2{ðt0; t; ðv; ZÞÞ/X ðt0; t; ðv; ZÞ;oÞAM2
is continuous; and for fixed ðt0; t;oÞAD	 O; the map
M2{ðv; ZÞ/Xðt0; t; ðv; ZÞ;oÞAM2
is Ck;e for any eAð0; dÞ:
(iii) For each oAO and ðt0; tÞAD with tXt0 þ r the map Xðt0; t; 
 ;oÞ : M2-M2
carries bounded sets into relatively compact sets. In particular, each Fre´chet
derivative DX ðt0; t; ðv; ZÞ;oÞ : M2-M2 with respect to ðv; ZÞAM2; is a compact
linear map for tXt0 þ r;oAO:
(iv) The maps
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/Xðt0; t; ðv; ZÞ;oÞAM2
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/DX ðt0; t; ðv; ZÞ;oÞALðM2Þ
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/ jjDX ðt0; t; ðv; ZÞ;oÞjjLðM2ÞARþ
are ðBðDÞ#BðM2Þ#F;BðM2ÞÞ-measurable, ðBðDÞ#BðM2Þ#F; BsðLðM2ÞÞÞ-
measurable, and ðBðDÞ#BðM2Þ#F;BðRþÞÞ-measurable respectively.
Before we prove the theorem we quote some estimates on c from ([M-S.3],
Theorems 1, 2), ([Ku], p. 176) and [I-S]:
sup
0ptpT
jcðt; xÞjpK ½1þ jxjðlogþjxjÞe; ð3:1Þ
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sup
0ptpT
jzðt; xÞjpK ½1þ jxjðlogþjxjÞe; ð3:2Þ
sup
0ptpT
jjDcðt; xÞjjpKð1þ jxjeÞ; ð3:3Þ
sup
0ptpT
jjðDcÞ1ðt; xÞjjpKð1þ jxjeÞ ð3:4Þ
for all xARd ; each e40 and some K ¼ Kðe;o; TÞ40:
The following elementary lemma will be used in the proof of Theorem 3.1. Its
proof is given in Appendix A. First, we introduce some notation. Let S be a
separable metric space and E be a separable Hilbert space. Denote by CbðS; EÞ the
Banach space of all uniformly continuous globally bounded maps f : S-E given the
supremum norm jj f jjN :¼ supxASj f ðxÞj:
Lemma 3.1. Let S be a non-empty set, and E a complete metric space. Suppose
Yk : S-E; kX1; is a sequence of maps such that for each kX1; the set YkðSÞ is
relatively compact in E: Suppose further that the sequence fYkgNk¼1 converges
uniformly on S to a map Y : S-E: Then YðSÞ is relatively compact in E:
Proof of Theorem 3.1. We ﬁrst prove assertion (i). Fix 0pt0oT ; oAO; d240;
ðv; ZÞA %Bð0; d2Þ: Let tTðv; ZÞ :¼ tðt0; ðv; ZÞ;oÞ4T : We write xðtÞ :¼ xt0;ðv;ZÞðt;oÞ;
xt :¼ xt0;ðv;ZÞt ð
 ;oÞ; tXt0: Then for t0ptotT ðv; ZÞ; we have
xðtÞ ¼ cðt; zðt; xðtÞÞÞ; ð3:5Þ
zðt; xðtÞÞ ¼ zðt0; vÞ þ
Z t
t0
½Dcðu; zðu; xðuÞÞÞ1Hðu; xðuÞ; xuÞ du: ð3:6Þ
Suppose (GE)(i) holds. Fix 0pt0oT ; oAO; and choose e ¼ 1g1þg: For simplicity of
notation, set
zðtÞ :¼ zðt; xðtÞÞ; zðtÞ :¼ sup
t0pupt
jzðu; xðuÞÞj31 ð3:7Þ
for t0ptotTðv; ZÞ: In the subsequent computations, we will denote by Ki :¼
KiðT ;o; d2Þ40; i ¼ 1; 2;y; random positive constants. Then (3.6), (3.4) and (GE)(i)
imply that
jzðtÞjpjzðt0Þj þ K1½1þ zðtÞe
Z t
t0
ð1þ jxðuÞjg þ jjxujjgÞ du ð3:8Þ
for all t0ptotTðv; ZÞ and all ðv; ZÞA %Bð0; d2Þ: It is easy to see from (3.1) and (3.5) that
jxðuÞjg þ jjxujjgpjjZjjg þ K2½1þ zðuÞð1þeÞg; t0puotT ðv; ZÞ: ð3:9Þ
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From (3.8) and (3.9), we obtain
zðtÞpK3 þ 1þ K4ðzðtÞÞe þ K5ðzðtÞÞe
Z t
t0
½zðuÞð1þeÞg du:
Dividing through by ðzðtÞÞe and using the choice of e (viz. 1 e ¼ gð1þ eÞ), one gets
zðtÞð1eÞpK6 þ K7
Z t
t0
½zðuÞð1eÞ du:
Applying Gronwall’s lemma to the above inequality, we obtain
zðtÞpK8 expfK7ðT  t0Þð1 eÞ1g
for all t0ptotTðv; ZÞ and all ðv; ZÞA %Bð0; d2Þ: Therefore,
sup
ðv;ZÞA %Bð0;d2Þ
sup
t0ptptT ðv;ZÞ
jzðtÞjoN ð3:10Þ
Using (3.5) and (3.1), the above inequality gives
sup
ðv;ZÞA %Bð0;d2Þ
sup
t0ptptT ðv;ZÞ
jxðt; v; ZÞjoN:
From Theorem 2.1(iv) it follows that tTðv; ZÞ  T : Since T is arbitrary, we get
t N: In particular, we have
sup
ðv;ZÞA %Bð0;d2Þ
sup
t0ptpT
jxðt; v; ZÞjoN: ð3:11Þ
Suppose (GE)(iii) holds. Then from (3.6), (3.5) and (3.1), we obtain the inequality
zðtÞpK9 þ K10
Z t
t0
zðuÞ½log zðuÞe du ð3:12Þ
for all t0ptotTðv; ZÞ; all ðv; ZÞA %Bð0; d2Þ and ﬁxed eAð0; 1: Applying Gronwall’s
lemma to (3.12) and taking logarithms on both sides of the resulting inequality yields
log zðtÞplog K9 þ K10
Z t
t0
½log zðuÞe du
for all t0ptotT ðv; ZÞ; all ðv; ZÞA %Bð0; d2Þ: From the above inequality, (3.11) follows
because eAð0; 1:
Suppose (GE)(ii) holds. Then Hðu; ZÞ depends only on Zj½r;b: We will use
forward steps of length b to prove (3.11). Deﬁne tk ¼ t0 þ k 
 b; kAN: Fix eAð0; 1Þ:
There exists K140 such that
jzðt; xðt; v; ZÞÞjp jzðtk; xðtk; v; ZÞÞj
þ K1 1þ sup
tkpupt
jzðu; xðu; ðv; ZÞÞÞje
 Z t
tk
jHðu; xuð
 ; v; ZÞÞj du
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for kAN with tkotTðv; ZÞ and for tkptptkþ1; totTðv; ZÞÞ: By induction on k; we
claim that
Mk :¼ sup
ðv;ZÞA %Bð0;d2Þ
Z tkþ1
tk
jHðu; xuð
 ; ðv; ZÞÞÞj duoN
for each kAN: By continuity of H and (GE)(ii), it is easy to see that M0oN:
Suppose that Mk1oN for some kAN: Therefore,
sup
ðv;ZÞA %Bð0;d2Þ
sup
tk1ptptk
jzðtÞjoN:
The above estimate, together with (3.5) and (3.1), imply that
sup
ðv;ZÞA %Bð0;d2Þ
sup
tk1ptptk
jxðtÞjoN:
Hence (GE)(ii) and the above estimate give MkoN: This proves our claim. Now we
can conclude that t N and (3.11) holds also in this case. This proves assertion (i).
Since t N; assertions (ii) and the ﬁrst assertion in (iv) of this theorem follow
immediately from the fact that DðoÞ ¼ D	 M2; assertion (vi) of Theorem 2.1, and
the measurability of the random ﬁeld
D	 M2 	 O{ðt0; t; ðv; ZÞ;oÞ/xt0;ðv;ZÞðt;oÞARd
in Theorem 2.1.
We now prove assertion (iii). We show that (3.11) implies that for each t4t0 þ r;
the map Xðt0; t; 
 ;oÞ : M2-M2 maps bounded sets in M2 to relatively compact
sets. By the Arzela-Ascoli theorem, it is sufﬁcient to prove that the family
fxt0;ðv;ZÞð
 ;oÞ:ðv; ZÞA %Bð0; d2Þg is equicontinuous on ½t0; T  for every d240 and t0X0:
Let t0ptot þ hpT ; d240;oAO; ðv; ZÞA %Bð0; d2Þ: Then
jxðt þ h; v; ZÞ  xðt; v; ZÞj
¼ jcðt þ h; zðt þ h; xðt þ h; v; ZÞÞÞ  cðt; zðt; xðt; v; ZÞÞÞj
pjcðt þ h; zðt þ h; xðt þ h; v; ZÞÞÞ  cðt; zðt þ h; xðt þ h; v; ZÞÞÞj
þ jcðt; zðt þ h; xðt þ h; v; ZÞÞÞ  cðt; zðt; xðt; v; ZÞÞÞj: ð3:13Þ
From (3.10) it follows that supðv;ZÞA %Bð0;d2Þ supt0ptotþhpT jzðt þ h; xðt þ h; v; ZÞÞjoN:
In view of this, and the fact that H and ½Dcð
 ; 
Þ1 take bounded sets to bounded
sets, it follows from (3.6) that there is a K11 :¼ K11ðo; d2Þ40 such that
jzðt þ h; xðt þ h; v; ZÞÞ  zðt; xðt; v; ZÞÞjpK11h ð3:14Þ
for t0ptot þ hpT ; d240;oAO; ðv; ZÞA %Bð0; d2Þ: Now the map ½0; T {t/cðt; 
 ;oÞ
ACkðRd ;RdÞ is (uniformly) continuous (for kX1) (Ku, Theorem 4.6.5). Therefore,
for every bounded set BCRd ; the family fcð
 ; x;oÞ; xABg is equicontinuous on
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½0; T  and the maps fcðt; 
 ;oÞ; tA½0; T g are Lipschitz on B; uniformly with respect
to tA½0; T : Let e40: Then, using (3.13), (3.14), gives d0 :¼ d0ðe;o; d2; TÞ40 such
that jxðt þ h; v; ZÞ  xðt; v; ZÞjoe for all ðv; ZÞA %Bð0; d2Þ and t0ptpt þ h
pT ; 0ohod0: Hence the family fxð
 ; ðv; ZÞÞ; ðv; ZÞA %Bð0; d2Þg is equicontinuous on
½t0; T : This proves the ﬁrst assertion in (iii).
We now prove that DX ðt0; t; ðv; ZÞ;oÞ : M2-M2 is compact for each
ðv; ZÞAM2; tXt0 þ r;oAO: Fix ðv; ZÞAM2; tXt0 þ r;oAO: Recall that Bð0; 1Þ is the
open unit ball in M2: We will show that DX ðt0; t; ðv; ZÞ;oÞðBð0; 1ÞÞ is relatively
compact in M2: Deﬁne the sequence of maps Ykðt0; t; ðv; ZÞ;oÞ : Bð0; 1Þ-M2;
kX1; by
YkðzÞ :¼ k½X ðt0; t; ðv; ZÞ þ z=k;oÞ  X ðt0; t; ðv; ZÞ;oÞ
for all zABð0; 1Þ; kX1: Using Fre´chet differentiability of X ðt0; t; 
 ;oÞ; it is easy
to see that the sequence of maps fYkðt0; t; ðv; ZÞ;oÞgNk¼1 converges in CbðBð0; 1Þ; M2Þ
to DX ðt0; t; ðv; ZÞ;oÞjBð0; 1Þ (for any ﬁxed ðt0; t; ðv; ZÞ;oÞ). Since Xðt0; t; 
 ;oÞ
takes bounded sets to relatively compact sets, then for each kX1;
Ykðt0; t; ðv; ZÞ;oÞðBð0; 1ÞÞ is relatively compact. The relative compactness of
DX ðt0; t; ðv; ZÞ;oÞðBð0; 1ÞÞ now follows from Lemma 3.1.
Finally we prove the last two measurability assertions in (iv). By separability of
M2; it is easy to see from the deﬁnition of Yk that for each kX1; the map
D	 M2 	 Bð0; 1Þ 	 O{ðt0; t; ðv; ZÞ; z;oÞ/Ykðt0; t; ðv; ZÞ;oÞðzÞAM2
is jointly measurable. The strong measurability of DX follows from this by passing
to the limit as k-N for any ðt0; t; ðv; ZÞ;oÞAD	 M2 	 O: The last measurability
assertion in (iv) follows from the strong measurability of DX ; the separability of M2;
and the fact that DX ðt0; t; ðv; ZÞ;oÞðzÞ is continuous linear in z: The proof of
Theorem 3.1 is therefore complete. &
Remark. We conjecture that the linear growth condition on H (viz. g ¼ 1 in (GE)(i))
is sufﬁcient for the conclusion of Theorem 3.1. Examples in [M-S.3] show that the
boundedness condition on jj½Dcð
 ; 
Þ1jj is quite restrictive. The following question
appears to be open: Consider a sde in Rd driven by ﬁnitely many Brownian motions,
with globally Lipschitz diffusion coefﬁcients and a locally Lipschitz drift satisfying a
linear growth condition. Does the sde admit a strictly conservative ﬂow in dimension
dX2?
4. The cocycle
In this section, we will show that, if the coefﬁcients in (I) are time-independent,
then the global semiﬂow in Theorem 3.1 deﬁnes a cocycle on the state space M2:
More precisely, we will require the following hypotheses.
Recall that %F is the P-completion of F:
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Hypotheses (C)
(i) Let y : R	 O-O be a P-preserving ﬂow on O; viz.
(a) y is ðBðRÞ#F;FÞ-measurable,
(b) yðt þ s; 
Þ ¼ yðt; 
Þ3yðs; 
Þ; s; tAR;
(c) yð0; 
Þ ¼ IO; the identity map on O;
(d) P 3 yðt; 
Þ1 ¼ P; tAR:
(ii) Let fFst : NosptoNg be a family of sub-s-algebras of %F satisfying the
following conditions:
(a) yðr; 
ÞðFstÞ ¼Fsþrtþr for all rAR;NosptoN:
(b) For each sAR; ðO; %F; ðFssþuÞuX0; PÞ is a ﬁltered probability space satisfying
the usual conditions [Pr.2].
(iii) The Brownian motion is a helix with respect to y: For every sAR; there exists a
sure event OsAF such that
Wðt þ s;oÞ ¼ Wðt; yðs;oÞÞ þ Wðs;oÞ
for all tAR; all oAOs [Pr.1].
(iv) Hðt; v; ZÞ ¼ Hð0; v; ZÞ and Gðt; vÞ ¼ Gð0; vÞ for all tX0; ðv; ZÞAM2:
Hypotheses (C)(i),(ii),(iii) are automatically satisﬁed if y is the standard two-sided
shift on Wiener space. In this case, each sub-s-algebra Fst ;NosptoN; is
generated by the increments of W in the interval ½s; t (and not the values of W in
½s; t). By virtue of Hypotheses (C)(iii) and (C)(iv), the stochastic ﬂow c of the sde (II)
has a version which is a perfect cocycle over y:
cðt2 þ t1; 
 ;oÞ ¼ cðt2; 
 ; yðt1;oÞÞ 3 cðt1; 
 ;oÞ
for all t1; t2ARþ and all oAO ([A-S], [I-W]). We will adopt such a version in
Theorem 4.1 below and the subsequent discussion.
Theorem 4.1. Assume Hypotheses ðWk;dÞ for some kX1; 0odp1; Hypotheses (C),
and one of the conditions (GE)(i), (GE)(ii), (GE)(iii). Let X be as in Theorem 3.1.
Define the map Xˆ : Rþ 	 M2 	 O-M2 by
Xˆðt; ðv; ZÞ;oÞ :¼ X ð0; t; ðv; ZÞ;oÞ
for all ðt; v; Z;oÞARþ 	 M2 	 O: Then the following is true:
(i) Xˆðt2 þ t1; 
 ;oÞ ¼ Xˆðt2; 
 ; yðt1;oÞÞ 3 Xˆðt1; 
 ;oÞ for all t1; t2ARþ and all oAO:
(ii) For each oAO; the map
Rþ 	 M2{ðt; ðv; ZÞÞ/Xˆðt; ðv; ZÞ;oÞAM2
is continuous; and for fixed ðt;oÞARþ 	 O; the map
M2{ðv; ZÞ/Xˆðt; ðv; ZÞ;oÞAM2
is Ck;e for any eAð0; dÞ:
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(iii) For each oAO and tXr the map Xˆðt; 
 ;oÞ : M2-M2 carries bounded sets
into relatively compact sets. In particular, each Fre´chet derivative
DXˆðt; ðv; ZÞ;oÞ : M2-M2 with respect to ðv; ZÞAM2; is a compact linear map
for tXr;oAO:
(iv) The maps Xˆ : Rþ 	 M2 	 O-M2; DXˆ : Rþ 	 M2 	 O-LðM2Þ are ðBðRþÞ#
BðM2Þ#F;BðM2ÞÞ-measurable and ðBðRþÞ#BðM2Þ#F;BsðLðM2ÞÞÞ-mea-
surable, respectively. Furthermore, the function
Rþ 	 M2 	 O{ðt; ðv; ZÞ;oÞ/jjDXˆðt; ðv; ZÞ;oÞjjLðM2ÞARþ
is ðBðRþÞ#BðM2Þ#F;BðRþÞÞ-measurable.
The following ﬁgure illustrates the cocycle property. The vertical solid lines
represent random ﬁbers consisting of copies of the state space M2:
Proof of Theorem 4.1. Fix oAO and t140: To prove the cocycle property (i), it is
sufﬁcient to show that, if
zðtÞ :¼ x0;ðv;ZÞðt þ t1;oÞ; yðtÞ :¼ x0;Xˆðt1;v;Z;oÞðt; yðt1;oÞ; tX0;
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then zðtÞ ¼ yðtÞ for all tX0: By equation (3.6) in the proof of Theorem 3.1, it follows
that
zðt; yðtÞ; yðt1;oÞÞ
¼ x0;ðv;ZÞðt1;oÞ þ
Z t
0
½Dcðu; zðu; yðuÞ; yðt1;oÞÞ; yðt1;oÞÞ1Hðu; yðuÞ; yuÞ du; ð4:1Þ
and
zðt þ t1; zðtÞ;oÞ
¼ zðt1; v;oÞ þ
Z tþt1
t1
½Dcðu; zðu; zðu  t1Þ;oÞ;oÞ1Hðu; zðu  t1Þ; zut1Þ du ð4:2Þ
for all tX0:
Since ðc; yÞ is a cocycle, then
zðt; zðtÞ; yðt1;oÞÞ ¼ cðt1; zðt þ t1; zðtÞ;oÞ;oÞ; tX0: ð4:3Þ
Differentiating the above equation with respect to t; using the chain rule, Eq. (4.2)
and Hypothesis (C)(iv), we get
d zðt; zðtÞ; yðt1;oÞÞ ¼ ½Dcðt; zðt; zðtÞ; yðt1;oÞÞ; yðt1;oÞÞ1Hðt; zðtÞ; ztÞ dt: ð4:4Þ
On the other hand, (4.1) implies
dzðt; yðtÞ; yðt1;oÞÞ ¼ ½Dcðt; zðt; yðtÞ; yðt1;oÞÞ; yðt1;oÞÞ1Hðt; yðtÞ; ytÞ dt: ð4:5Þ
Comparing (4.4) and (4.5), we see that z and y are solutions of the same neutral
functional differential equation
dzðt; f ðtÞ; yðt1;oÞÞ ¼ ½Dcðt; zðt; f ðtÞ; yðt1;oÞÞ; yðt1;oÞÞ1Hðt; f ðtÞ; ftÞ dt ð4:6Þ
with the initial condition
ð f ð0Þ; f0Þ ¼ ðzð0Þ; z0Þ ¼ ðyð0Þ; y0Þ ¼ Xˆðt1; ðv; ZÞ;oÞ: ð4:7Þ
The coefﬁcients of the neutral fde (4.6) are Lipschitz on bounded sets, because
the maps zðt; 
; yðt1;oÞÞ;cðt; 
 ; yðt1;oÞÞ; H; ½Dcðt; zðt; 
 ; yðt1;oÞÞ; yðt1;oÞÞ1 are
Lipschitz on bounded sets uniformly with respect to t on compacta. It is therefore
easy to see that (4.6) admits a unique solution satisfying (4.7). This implies that
yðtÞ ¼ zðtÞ for all tX0: Hence Xˆ satisﬁes the cocycle property (i).
The assertions (ii), (iii), and (iv) follow immediately from the corresponding ones
in Theorem 3.1. This completes the proof of Theorem 4.1. &
Remark. It is easy to see that in the preceding discussions of Sections 2–4, one can
allow the initial instant t0 to be any (negative) real number and then solve the sfde (I)
ARTICLE IN PRESS
S.-E.A. Mohammed, M.K.R. Scheutzow / Journal of Functional Analysis 205 (2003) 271–305298
(and (III)) forward in time. With this convention, and using the same proof above
(replacing Xˆðt1; ðv; ZÞ;oÞ with ðv; ZÞ), it follows immediately that
X ðt2 þ t1; t1; ðv; ZÞ;oÞ ¼ Xˆðt2; ðv; ZÞ; yðt1;oÞÞ
for all t1AR; t2ARþ and all oAO: Furthermore, by Theorem 3.1(iv), we see that the
maps
R	 Rþ 	 M2 	 O{ðt1; t2; ðv; ZÞ;oÞ/Xˆðt2; ðv; ZÞ; yðt1;oÞÞAM2
R	 Rþ 	 M2 	 O{ðt1; t2; ðv; ZÞ;oÞ/DXˆðt2; ðv; ZÞ; yðt1;oÞÞALðM2Þ
are ðBðRÞ#BðRþÞ#BðM2Þ#F;BðM2ÞÞ-measurable and ðBðRÞ#BðRþÞ#
BðM2Þ#F;BsðLðM2ÞÞÞ-measurable, respectively.
5. Extensions and generalizations
In this section, we give some extensions and generalizations of the sfde (I). We will
use the following additional hypotheses:
Hypotheses (C0k;d).
(i) g : L2ð½r; 0;RdÞ-Rm is Ck;d (kX1; dAð0; 1) with Fre´chet derivative Dg
globally bounded.
(ii) For each xAL2ð½r; T ;RdÞ; the map R{t/gðxtÞARm is locally of bounded
variation with square-integrable derivative ½0; T {t/dgðxtÞ
dt
ARm: For each
0oToN and oAO; the map
L2ð½r; T ;RdÞ{x/ t/dgðxtÞ
dt
 
AL2ð½0; T ;RmÞ
is Ck;d and globally bounded.
Examples. Let fACNb ðRd ;RmÞ; and sACNb ðRd ;RdÞ be globally bounded. Deﬁne the
mapping g : L2ð½r; 0;RdÞ-Rm by
gðZÞ :¼ f
Z 0
r
sðZðsÞÞ ds
 
; ZAL2ð½r; 0;RdÞ:
The reader may check that g is C2;1 and satisﬁes Hypotheses (C01;1). This is because
dgðxtÞ
dt
¼ Df
Z t
tr
sðxðuÞÞ du
 
½sðxðtÞÞ  sðxðt  rÞÞ; tA½0; T ;
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for each xAL2ð½r; T ;RdÞ: Note the presence of the delay on the right-hand side of
the above identity. The case of several discrete delays in the drift term is treated in
(iii) below. The function g above is an example of a quasitame function ([Mo.1],
Deﬁnition (4.2), p. 105). Quasitame functions can be used to give a large class of
functions L2ð½r; 0;RdÞ-Rm satisfying Hypotheses (C01;1).
We now describe some extensions and generalizations of the sfde (I).
(i) The construction of the semiﬂow in this article covers a large class of regular
stochastic differential systems with ﬁnite memory and random coefﬁcients.
Consider a sfde of the form
dxðtÞ ¼ Hðt; xðtÞ; xtÞmðdtÞ þ Gðdt; xðtÞ; gðxtÞÞ; tXt0X0;
xðt0Þ ¼ vARd ; xt0 ¼ ZAL2ð½r; 0;RdÞ:

ðI0Þ
In the above equation, G : R	 Rd 	 Rm 	 O-Rd is a Kunita-type spatial local
martingale of class Bkþ1;dub on R
d 	 Rm (in the sense of [Ku], p. 85), and the
random drift H : ½0;NÞ 	 M2 	 O-Rd is such that for a.a. oAO the map
Hð
; 
;oÞ satisﬁes Hypotheses ðWk;dÞð1Þ: Assume also that H and G are
ðFtÞðtX0Þ-adapted and stationary in the sense that Hðt; 
 ;oÞ ¼ Hð0; 
 ; yðt;oÞÞ;
Gðt; 
 ;oÞ ¼ Gð0; 
 ; yðt;oÞÞ for all oAO; tX0: The process mðtÞ; tX0; is an
increasing, continuous and ðFtÞðtX0Þ-adapted helix with mð0Þ ¼ 0: Note the
presence of the memory term gðxtÞ in the diffusion coefﬁcient. Assume that
g :L2ð½r; 0;RdÞ-Rm satisﬁes Hypotheses ðC0Þ: Set hðt; xÞ :¼ dgðxtÞ
dt
: Denote
yðtÞ :¼ gðxtÞ and rewrite (I0) in the form
dxðtÞ ¼ Hðt; xðtÞ; xtÞmðdtÞ þ Gðdt; xðtÞ; yðtÞÞ; tXt0X0;
dyðtÞ ¼ hðt; xÞ dt; tXt0X0;
xðt0Þ ¼ vARd ; xt0 ¼ ZAL2ð½r; 0;RdÞ; yðt0Þ ¼ gðZÞ:
The reader may check that the analysis in Sections 2, 3 and 4 of this article is
easily adapted to handle the above sfde and hence (I0). In particular, (I0) satisﬁes
Theorem 4.1 under the above conditions. However, see (iii) below for possible
limitations on the smoothness of the semiﬂow. It is important to note that if
the map R{t/gðxtÞARm is not of locally bounded variation, then (I0) may be
singular and a stochastic semiﬂow will not exist even in the linear case, e.g. the
one-dimensional stochastic delay equation
dxðtÞ ¼ xðt  1Þ dWðtÞ; tX0:
[Mo.1,Mo.4,M-S.2].
Note further that if m in ðI 0Þ has absolutely continuous paths, then one may
without loss of generality assume that mðt;oÞ ¼ t for all tX0: Since mð
 ;oÞ is
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absolutely continuous, then we can write dmðtÞ ¼ m0ðtÞ dt where the derivative
m0ð
 ;oÞ is locally integrable. If m has stationary increments, then m0 is a
stationary process. A new drift H˜ can be redeﬁned as H˜ :¼ H 
 m0: Since H is
stationary, then so is H˜: Therefore (I0) reduces to
dxðtÞ ¼ H˜ðt; xðtÞ; xtÞ dt þ Gðdt; xðtÞ; gðxtÞÞ; tXt0X0;
xðt0Þ ¼ vARd ; xt0 ¼ ZAL2ð½r; 0;RdÞ:
(ii) Throughout this paper, we use M2 as state space. We prefer this space because it
is a Hilbert space. The Hilbert space structure is used heavily in developing the
non-linear multiplicative ergodic theory in Part II (cf. [Ru]). Other choices of
state space are possible; e.g. the Banach space of continuous paths Cð½r; 0;RdÞ
or Skorohod paths Dð½r; 0;RdÞ: See [M-S.1]. However, a non-linear ergodic
theory for these function spaces does not seem to exist at the present time.
(iii) The case of several discrete (or distributed) delays in the drift term can also be
treated by the methods of this article. Consider the sfde
dxðtÞ ¼ Hðt; xðt  dmÞ;y; xðt  d1Þ; xðtÞ; xtÞmðdtÞþGðdt; xðtÞ; gðxtÞÞ;
tXt0X0;
xðt0Þ ¼ vARd ; xt0 ¼ ZAL2ð½r; 0;RdÞ;
9>=>; ðI00Þ
where diA½0; r; 1pipm; are ﬁnite delays, and H : Rþ 	 Rm 	 M2 	 O-Rd
and G : R	 Rd 	 Rm 	 O-Rd are maps satisfying conditions analogous to
those in (i) and Hypotheses (GE) of Section 3. Under such conditions, one gets a
semiﬂow X : Rþ 	 M2 	 O-M2 for (I00) that satisﬁes the conclusions of Theorem
3.1, with the following modiﬁcation to the second assertion in (ii): The map
M2{ðv; ZÞ/Xˆðt; ðv; ZÞ;oÞAM2
is in general just C1;1 (even if H and G are CNb and bounded). A similar remark
holds for assertion (vi) of Theorem 2.1. To see this, simply consider the one-
dimensional non-linear deterministic delay equation:
dxðtÞ ¼ hðxðt  rÞÞ dt; tXt0X0;
xðt0Þ ¼ vAR; xt0 ¼ ZAL2ð½r; 0;RÞ;

ðI000Þ
where h : R-R is a CNb function. For 0ptpr; the semiﬂow for (I000) is given by
X ðt; ðv; ZÞÞðsÞ ¼ v þ
R tþs
0 hðZðu  rÞÞ du; t þ s40;
Zðt þ sÞ; rpt þ sp0:
(
It is easy to see that for a ﬁxed t40; the map M2{ðv; ZÞ/X ðt; ðv; ZÞÞð0ÞAR is
C1;1 but not C2; unless h is afﬁne linear.
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(iv) It appears that the results of this paper still hold if the increasing process m in (I0)
is allowed to have ﬁnite jumps.
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Appendix A
Proof of Lemma 2.5. By the hypothesis on f and differentiating under the integral
sign, it follows that the map ðt; lÞ/IðlÞðtÞ is Ck in the second variable, and
DkIðlÞð
ÞðtÞ ¼
Z t
0
Dkf ðu; lÞð
ÞmðduÞ
for all ðt; lÞA½0; T  	 L: Using the above relation, it is easy to see that I is Ck and the
map l/DkIðlÞ is Ce: This shows that I is Ck;e:
We now show that U is Ck;e: Observe ﬁrst that by composition, the map
ðt; lÞ/UðlÞðtÞ is Ck in l: Hence, U is Ck: In particular,
DUðlÞð
ÞðtÞ ¼ Dcðt; f ðt; lÞÞ 
 Df ðt; lÞ
for all ðt; lÞA½0; T  	 L: Now use the above identity, Leibniz’s rule and the
hypotheses on c; f to conclude that the map l/DkUðlÞ is Ce: This completes the
proof of Lemma 2.5. &
Proof of Lemma 2.7. Since each map Uðl; 
Þ : B-B; lAL; is a contraction, then
there is a unique map L{l/xðlÞAB satisfying the identity
Uðl; xðlÞÞ ¼ xðlÞ; lAL: ðA:1Þ
We ﬁrst prove that xðlÞ is continuous in l: Fix l0AL: For any lAL; the uniform
contraction property implies that
jxðlÞ  xðl0ÞjpLjxðlÞ  xðl0Þj þ jUðl; xðl0ÞÞ  Uðl0; xðl0ÞÞj:
Therefore
jxðlÞ  xðl0Þjp 1ð1 LÞ jUðl; xðl0ÞÞ  Uðl0; xðl0ÞÞj: ðA:2Þ
Since the map l/Uðl; xðl0ÞÞ is continuous (for ﬁxed l0), the above inequality
shows that xðlÞ is continuous at l0: Furthermore, since U is Ce in the ﬁrst variable,
(A.2) implies that x is Ce (on bounded subsets of l).
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We next show that xðlÞ is C1 in l: Denote by D1Uðl; xÞ and D2Uðl; xÞ the partial
Fre´chet derivatives of U in the ﬁrst and second variables, respectively. By the
uniform contraction property, it is easy to see that suplAL
xAB
jjD2Uðl; xÞjjpLo1:
Therefore I  D2Uðl; xðlÞÞAGLðEÞ for all lAL: Deﬁne
f ðl; hÞ :¼ ½I  D2Uðl; xðlÞÞ1D2Uðl; xðlÞÞðhÞ; lAL; hAN: ðA:3Þ
We will identify f ðl; hÞ with the directional derivative
DxðlÞðhÞ ¼ lim
t-0
1
t
½xðlþ thÞ  xðlÞ; lAL; hAN:
To do this, set
yðtÞ :¼ 1
t
½xðlþ thÞ  xðlÞ  f ðl; hÞ; ta0:
Choose ta0 and sufﬁciently small so that lþ thAL: Using (A.1), (A.3) and the
Mean-Value Theorem, it follows that
yðtÞ ¼
Z 1
0
D2Uðl; ð1 uÞxðlþ thÞ þ uxðlÞÞðyðtÞÞ du þ I1 þ I2; ðA:4Þ
where
I1 :¼
Z 1
0
fD1Uðð1 uÞðlþ thÞ þ ul; xðlþ thÞÞðhÞ  D1Uðl; xðlÞÞðhÞg du
and
I2 :¼
Z 1
0
fD2Uðl; ð1 uÞxðlþ thÞ þ uxðlÞÞ  D2Uðl; xðlÞÞg f ðl; hÞ du:
Fix lAL and hAN; and let e40: By continuity of D1U ; D2U and x; there exists d40
such that
jIijoe=2; i ¼ 1; 2
whenever 0otod: Therefore (A.4) implies that
jyðtÞjpeþ jyðtÞj
Z t
0
jjD2Uðl; ð1 uÞxðlþ thÞ þ uxðlÞÞjj du ðA:5Þ
if 0otod: By continuity of D2U and x; one has
lim
t-0
Z t
0
jjD2Uðl; ð1 uÞxðlþ thÞ þ uxðlÞÞjj du ¼ 0:
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Since e40 is arbitrary, (A.5) and the above relation imply that limt-0 yðtÞ ¼ 0:
Hence x has a directional derivative DxðlÞðhÞ ¼ f ðl; hÞ given by (A.3). From (A.3),
it is easy to see that the map L{l/DxðlÞ ¼ f ðl; 
ÞALðN; EÞ is continuous. Hence x
is C1: To see that x is Ck; use the relation
DxðlÞ ¼ ½I  D2Uðl; xðlÞÞ1D1Uðl; xðlÞÞ; lAL ðA:6Þ
and the fact that D1U ; D2U are C
k1 to conclude that the map
L{l/DxðlÞALðN; EÞ is Ck1: In fact, using (A.6), Leibniz’s theorem, and the
fact that U is Ck;e; shows that the map Dx is Ck1;e: This completes the proof of
Lemma 2.7. &
Proof of Lemma 3.1. Let Yk : S-E; kX1; be the sequence of maps given in the
lemma. By completeness of E; it is sufﬁcient to show that YðSÞ is totally bounded.
Denote by r the metric on E and let Bðz; aÞ be the open ball in E; center z and radius
a: Let e40: Then by uniform convergence, there exists an integer k :¼ kðeÞX1 such
that
rðY ðzÞ; YkðzÞÞoe=3 ðA:7Þ
for all zAS: Since YkðSÞ is totally bounded, there is a ﬁnite set fzigmi¼1DS such that
YkðSÞD
[m
i¼1
BðYkðziÞ; e=3Þ: ðA:8Þ
The following inclusion follows easily from (A.8), (A.7) and the triangle inequality:
Y ðSÞD
[m
i¼1
BðYðziÞ; eÞ: ðA:9Þ
Therefore YðSÞ is relatively compact in E: &
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